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a b s t r a c t
Following Carlsson and Fuller (2001) [2], recently Thavaneswaran et al. (2009) [1] have
introduced higher order weighted possibilistic moments of fuzzy numbers. In this paper,
we define theweighted possibilisticmoment generating functions (MGF) of fuzzy numbers
and obtain the closed form expressions for triangular, trapezoidal and parabolic fuzzy
numbers. Applications involve derivation of higher order possibilisticmoments of volatility
models (see Thavaneswaran et al. (2009) [1] for details).
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The use of fuzzy set theory as a methodology for modeling and analyzing certain financial problems is of particular
interest to a number of researchers due to fuzzy set theory’s ability to quantitatively and qualitativelymodel those problems
which involve vagueness and imprecision. Fuzzy time seriesmodels provide a new avenue to dealwith subjectivity observed
in most financial time series models. For example, Thavaneswaran et al. [1] have recently demonstrated the superiority of
the fuzzy forecasts over the minimummean square error forecasts and derived higher order moments of fuzzy numbers.
Most of the fuzzy financial models developed so far have generally been confined to modeling parameters through some
form of defuzzification or linear type of fuzzy numbers such as Trapezoidal Fuzzy Numbers (Tr.F.N.) or Triangular Fuzzy
Numbers (T.F.N.). The main reason for using linear membership function is to avoid complex non-linear computations (for
more details, see [1]). Linear membership functions are not always appropriate in decision making applications. Recently,
we have used adaptive fuzzy numbers to model volatility in option pricing (see [1] for details).
In this paper, we first define the possibilistic moment generating functions (MGF) of fuzzy numbers. The MGF provides
a unified approach to compute high order possibilistic moments for a class of fuzzy numbers. Second, we provide several
examples to illustrate the MGF approach for triangular, trapezoidal, and parabolic fuzzy numbers. We also show that the
higher order moments derived by using the MGF approach turn out to be the ones given in Carlsson and Fuller (2001) [2]
and Thavaneswaran et al. [1]. The remainder of the article is organized as follows. We summarize the preliminaries in the
rest of Section 1. Moment generating functions of fuzzy numbers are defined in Section 2.
2. Weighted possibilistic moment generating function
In this section we give definitions and examples of possibilistic moments for various types of fuzzy numbers. Then,
we develop a moment generating function approach for computing possibilistic moments of any order. We illustrate the
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approach with a number of examples ranging from simple triangular fuzzy number to more sophisticated adaptive and
mixture fuzzy numbers.
Most of these related definitions and properties of fuzzy numbers may be found in [1,3]. Following Grzegorzewski
and Mrowka [4] we consider a fuzzy number A, i.e. such a fuzzy subset A of the real line ℜ with membership function
µA : ℜ → [0, 1] which is (normal (i.e. there exists an element x0 such that µA(x0) = 1)), fuzzy convex (i.e. µA(λx1 +
(1 − λ)x2) ≥ µA(x1) ∧ µA(x2),∀ x1, x2 ∈ ℜ,∀ λ ∈ [0, 1]), µA is upper semi-continuous, supp A is bounded, where Supp
A = cl({x ∈ ℜ : µA(x) > 0}) and cl is the closure operator. A space of all fuzzy numbers will be denoted by F(ℜ). Moreover,
let A(α) = {x ∈ ℜ : µA(x) ≥ α} denote an α-cut of a fuzzy number A. As is known, every α-cut of a fuzzy number is a closed
interval, i.e. A(α) = [AL(α), AU(α)], where AL(α) = inf {x ∈ ℜ : µA(x) ≥ α} and AU(α) = sup{x ∈ ℜ : µA(x) ≥ α}. Let
f : X −→ Y be a mapping from a set X to set Y . Then Zadeh’s extension principle allows us to define the fuzzy set B˜ in Y
induced by the fuzzy set A˜ in X through f as follows:
B˜ = y, µB˜(y) | y = f (x), x ∈ X (2.1)
µB˜(y) = µf (A˜)(y) =

sup
y=f (x)
µA(y) f −1(y) ≠ 0
0 f −1(y) = 0.
(2.2)
It follows from Zadeh’s extension principle that for an increasing function g (x) and a fuzzy number Awhose α-level set
is [A1(α), A2(α)] then we have the following
(g (A))α = {g (x) | x ∈ (A)α} = {g (x) | A1(α) ≤ x ≤ A2(α)} = {g (A1(α)) , g (A2(α))} . (2.3)
Let A ∈ F be a fuzzy number with A(α) = [a1(α), a2(α)]α ∈ [0; 1]. A function f : [0; 1] −→ R is said to be a weighting
function if f is non-negative, monotone increasing and satisfies the following normalization condition
 1
0 f (α)dα = 1. Let
A be a fuzzy number whose α-cuts are given by [a1 (α) , a2 (α)] for 0 ≤ α ≤ 1, then the weighted possibilistic moment
generating function, if exists, is defined as
MGFA(u) = 12
∫ 1
0
f (α)

eu(a1(α)) + eu(a2(α)) dα, 0 ≤ α ≤ 1. (2.4)
Based on (2.4), we define the weighted possibilistic moments as follows:
Er(A) = d
r
dur
(MGFA(u)) |u=0 = lim
u→0
dr
dt r
(MGFA(u)) .
Centered weighted possibilistic moment generating function can be obtained by introducing an appropriate shift in (2.4),
which leads us to the following:
MGF CA (u) =
1
2
∫ 1
0
f (α)e−uMf (A)

eu(a1(α)) + eu(a2(α)) dα 0 ≤ α ≤ 1. (2.5)
The following Theorem gives some properties of weighted possibilistic MGF.
Theorem 2.1. If A is a fuzzy number with finite MGFA(u) then we have the following MGF properties:
(a) Er(A) = d
r
dur
MGFA(u) |u=0 (b)MGFqA+b(u) = ebuMGFA(qu).
Proof.
dr
dur
MGFA(u) |u=0 = 12
∫ 1
0
dr
dur

eua1(α) + eua2(α) f (α)dα |u=0
= 1
2
∫ 1
0

a1(α)reua1(α) + a2(α)reua2(α)

f (α)dα |u=0
= 1
2
∫ 1
0

a1(α)r + a2(α)r

f (α)dα |u=0 = Er(A).
Similarly, we have
MGFqA+b(u) =
∫ 1
0
f (α)
2
(eu(qa1(α)+b) + eu(qa2(α)+b))dα
=
∫ 1
0
f (α)
2
(euqa1(α)eub)dα +
∫ 1
0
f (α)
2
(euqa2(α)eub)dα
= eub
∫ 1
0
f (α)
2

euqa1(α) + euqa2(α) dα = eubMGFA(qu).  (2.6)
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Example 1. In this example, we give a closed form expression for the weighted moment generating function for Tr.F.N.
MGFA(u) =
∫ 1
0
α(eu(a1+α(a2−a1)) + eu(a4+α(a3−a4)))dα
= e
ua2ua2 − eua2 − eua2ua1 + eua1
u2 (a2 − a1)2
+ e
ua3ua3 − eua3 − eua3ua4 + eua4
u2 (a3 − a4)2
.
Moments can easily be obtained by expanding MGF around u = 0 using symbolic software (e.g., Mathematica):
MGFA(u) = 1+

1
3
a2 + 13a3 +
1
6
a4 + 16a1

u+

1
4
a22 +
1
6
a2a1 + 14a
2
3 +
1
6
a3a4 + 112a
2
4 +
1
12
a21

u2
2
+

1
5
a32 +
3
20
a22a1 +
1
10
a2a21 +
3
20
a23a4 +
1
10
a3a24 +
1
5
a33 +
1
20
a34 +
1
20
a31

u3
3! + O(u
4). (2.7)
The weighted possibilistic moments up to order three are the coefficients of u
r
r! , r = 1, 2, 3.
Example 2. In this example we consider a T.F.N., A, having the parametric form A(α) = [a1(α), a2(α)] = [a1 + α(a2 − a1),
a3 + α(a2 − a3)],∀, α ∈ (0, 1].
MGFA(u) =
∫ 1
0
α(exp (u (a1 + α (a2 − a1)))+ exp(u (a3 + α (a2 − a3))))dα
= e
ua2ua2 − eua2 − eua2ua1 + eua1
u2 (a2 − a1)2
+ e
ua2ua2 − eua2 − eua2ua3 + eua3
u2 (a2 − a3)2
= 1+

2
3
a2 + 16a1 +
1
6
a3

u+

1
2
a22 +
1
6
a2a3 + 16a2a1 +
1
12
a23 +
1
12
a21

u2
2
+

2
5
a32 +
3
20
a22a1 +
3
20
a22a3 +
1
10
a2a23 +
1
10
a2a21 +
1
20
a31 +
1
20
a33

u3
3!
+

1
3
a42 +
2
15
a32a3 +
2
15
a32a1 +
1
10
a21a
2
2 +
1
10
a22a
2
3 +
1
15
a2a31 +
1
15
a2a33 +
1
30
a41 +
1
30
a43

u4
4! + O

u5

.
(2.8)
The weighted possibilistic moments up to order four are the coefficients of u
r
r! , r = 1, 2, 3, 4 in (2.8).
Example 3. Consider the parabolic fuzzy number with the membership function gA(x) = 1 −
 x−a
a
2 with α-cuts of
eA,

eA

α
=

e(1−
√
(1−α))a, e(1+
√
(1−α))a

,
MGFA(u) =
∫ 1
0
α

eu(1−
√
(1−α))a + eu(1+
√
(1−α))a

dα
= 4
−6eua + (eua + 1+ e2ua)u2a2 + 3ua(1− e2ua)+ 3+ 3e2ua
u4a4

= 1+ au+

4
3
a2

u2
2
+ 2a3 u3
3! +

19
6
a4

u4
4! + O

u5

. (2.9)
The weighted possibilistic moments up to order four are the coefficients of u
r
r! , r = 1, 2, 3, 4 in (2.9). The weighted
possibilistic skewness and weighted possibilistic kurtosis are 0 and 1.5 respectively.
Example 4. In this example we compute MGF and moments of an adaptive fuzzy number A = [a1, a2, a3, a4]n with
parametric form A(α) = [a1 + α 1n (a2 − a1), a4 − α 1n (a4 − a3)] and weight function f (α) = 2α, α ∈ [0, 1], for any
positive whole number n.
For an arbitrary positive number n, theMGFf (A) is given by
MGFf (A) =
∫ 1
0
α

exp

u

a+ bα 1n

+ exp

u

c − dα 1n

dα (2.10)
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where, a = a1, b = a2 − a1, c = a4, d = a4 − a3. The integral in (2.10) can be calculated by making a change of variable
x = α 1n and differentiating with respect to a parameter under the integral (see Appendix for details). The result can be
represented as a derivative of order 2n− 1 with respect to parameter q and evaluated at q = 1 (see Eq. (A.1) in Appendix):
MGFf (A) =

n
(ub)2n−1
d2n−1
dq2n−1

exp (u (qb− b− d+ c))− euc
u (qb− d− b) −
1
uqb

eua − eu(a+qb)
q=1
. (2.11)
We also show in the Appendix that the rth moment is then given by the rth derivative of (2.11) with respect to u:
Er(A) = d
r
dur

MGFf (A)

= nr!
(r + 2n)!b2n−1
d2n−1
dq2n−1

(qb− b− d+ c)r+2n − cr+2n
(qb− b− d) +
(a+ qb)r+2n − ar+2n
qb

q=1
. (2.12)
Even though the computation of the q-derivative in (2.12) is difficult in closed form for an arbitrary n, it is nevertheless quite
trivial to compute it for any given n using symbolic software packages such as Mathematica or Maple. As an example let us
compute the first moment (r = 1) for n = 2:
E(A) = 2
5!b3
d3
dq3

(qb− b− d+ c)5 − c5
(qb− b− d) +
(a+ qb)5 − a5
qb

q=1
=

4
5
qb− 2
5
b+ 1
2
a− 2
5
d+ 1
2
c

q=1
= 2
5
b+ 1
2
a− 2
5
d+ 1
2
c.
Likewise, the second, third, and fourth moments for n = 2 are:
E2(A) = 46!b3
d3
dq3

(qb− b− d+ c)6 − c6
(qb− b− d) +
(a+ qb)6 − a6
qb

q=1
= 1
3
b2 + 4
5
ba+ 1
2
c2 + 1
2
a2 − 4
5
dc + 1
3
d2
E3(A) = 2(3!)7!b3
d3
dq3

(qb− b− d+ c)7 − c7
(qb− b− d) +
(a+ qb)7 − a7
qb

q=1
= 2
7
b3 + b2a+ 6
5
ba2 + d2c + 1
2
c3 − 2
7
d3 − 6
5
dc2 + 1
2
a3
E4(A) = 2(4!)8!b3
d3
dq3

(qb− b− d+ c)8 − c8
(qb− b− d) +
(a+ qb)8 − a8
qb

q=1
= 1
2
a4 + 1
4
b4 + 1
4
d4 + 2b2a2 + 8
7
b3a+ 1
2
c4 − 8
5
dc3 − 8
7
d3c + 2d2c2 + 8
5
ba3.
The central weighted possibilistic moments then follow from standard relations between centered and non-centered
moments. We do not reproduce their expressions here to omit tedious algebra.
Remark 2.1. As an example we compute here the skewness and kurtosis of a symmetric adaptive fuzzy number A(α) =
[−2a + α 1n a, 2a − α 1n a] with weight function f (α) = 2α, α ∈ [0, 1], for any positive whole number n. Using (2.12), the
MGF of the symmetric adaptive fuzzy number simplifies to
Er(A) = nr!a
r
(r + 2n)!
d2n−1
dq2n−1

qr+2n − 2r+2n
q− 2 +
(q− 2)r+2n − (−2)r+2n
q

q=1
.
Expanding the function under the derivative in the powers of q2 and differentiating 2n − 1 times over q (see Appendix for
details) we can write the rth moment as follows:
Er(A) = nr! (2a)
r
(r + 2n)!
r−
k=0

1
2
k
(k+ 2n− 1)!
k!

1+

r + 2n
k+ 2n

(−1)r−k

E2(A) = a2 4+ 5n+ 2n
2
(1+ 2n) (1+ n) , E4(A) = a
4 96+ 131n+ 83n2 + 28n3 + 4n4
(1+ 2n) (1+ n) (3+ 2n) (2+ n) .
For symmetric adaptive fuzzy numbers, non-centered and centered moments are the same. Therefore, the corresponding
possibilistic skewness and possibilistic kurtosis are given by
PKurt(A) = E4(A)
(E2(A))2
=

96+ 131n+ 83n2 + 28n3 + 4n4 (1+ 2n) (1+ n)
(3+ 2n) (2+ n) 4+ 5n+ 2n22 .
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Example 5. Consider a mixed fuzzy number A such that for all α ∈ [0, 1] the α-cuts are given by A(α) = [a(2α − 1),
1+√(1− α) a. We will assume that the weight function f (α) = 2α, α ∈ [0, 1].
MGFA(u) =
∫ 1
0
α

exp (ua(2α − 1))+ exp

ua

1+(1− α) dα
= e
ua
2ua
+ 7e
ua + e−ua + 16e2ua
4u2a2
+ 12−e
ua + e2ua(1− ua)
u4a4
= 1+

14
15
a

u+

41
30
a2

u2
2
+

141
70
a3

u3
3! +

449
140
a4

u4
4! + O

u5

.
Example 6. For Gaussian fuzzy numbers [5] A ∈ Fwith membership function
µA(x) = exp

−1
2

x− µ
σ
2
.
The corresponding α-cuts are given by A(α) = µ− σ√(−2 lnα), µ+ σ√(−2 lnα), 0 ≤ α ≤ 1. Using f (α) = 2α, we
haveMf (A) = µ and Varf (A) = σ 2 and the kurtosis 2. The weighted possibilistic moments are given by
Er(A) =

σ r

(−1)r + 1
2
 
Γ
 r
2
+ 1

, r = 1, 2, 3 . . . .
and the possibilistic moment generating function is given by
MGFA(u) = E(euA) =
∞−
r=0

ur
r!

σ r

(−1)r + 1
2
Γ
 r
2
+ 1

.
3. Conclusions
In this paper, we have proposed a systematic approach to compute possibilistic moments of higher orders for some fuzzy
numbers. We also have defined the possibilistic moment generating function (MGF) of fuzzy numbers and have shown that
the moments obtained from the MGF turn out to be the one given in Thavaneswaran et al. [1] in the special cases. Moreover
the possibilistic moment results can serve as an input for the estimation of parameters in financial time series models and
in option pricing; see Thavaneswaran et al. [1] and Thiagarajah and Thavaneswaran [6] for details.
Appendix
To compute the integral in (2.8), first we introduce parameter q in the first exponent in the integrand:
1
(ub)2n−1
d2n−1
dq2n−1
exp (u (a+ qbx)) = exp (u (a+ qbx)) .
The definite integral in the first line below can then be represented as a q-derivative of order 2n − 1 of a simpler integral
(line two below) and evaluating the derivative at q = 1:
MGFf (A) = n
∫ 1
0
x2n−1 exp (u (a+ bx)) (1+ exp(u (c − a− (d+ b)x)))dx
=

n
(ub)2n−1
d2n−1
dq2n−1
∫ 1
0
exp (u (a+ qbx)) (1+ exp(u (c − a− (d+ b)x)))dx

q=1
=

n
(ub)2n−1
d2n−1
dq2n−1

exp (u (qb− b− d+ c))− euc
u (qb− d− b) −
1
uqb

eua − eu(a+qb)
q=1
. (A.1)
The computation of the q-derivative in (A.1), instead of direct computation of the derivative it is much simpler to expand
the function of q and u under the derivative as a Taylor series around u = 0. Then, for the purpose of computing the rth
moment of the fuzzy number A it is only necessary to keep the term of order k = r + 2n− 1 in the expansion:
Bk(q)ur+2n−1 = 1
(r + 2n)!

(qb− b− d+ c)r+2n − cr+2n
(qb− b− d) +
(a+ qb)r+2n − ar+2n
qb

ur+2n−1.
A. Paseka et al. / Applied Mathematics Letters 24 (2011) 630–635 635
The rth moment is then given by the rth derivative of (2.11) with respect to u:
Er(A) = d
r
dur

nur+2n−1
(ub)2n−1
d2n−1
dq2n−1
Bk(q)

q=1

= nr!
(r + 2n)!b2n−1
d2n−1
dq2n−1

(qb− b− d+ c)r+2n − cr+2n
(qb− b− d) +
(a+ qb)r+2n − ar+2n
qb

q=1
Er(A) = nr!a
r
(r + 2n)!
d2n−1
dq2n−1

qr+2n − 2r+2n
q− 2 +
(q− 2)r+2n − (−2)r+2n
q

q=1
.
Expanding the function under the derivative in the powers of q2 we have
qr+2n − 2r+2n
q− 2 = 2
r+2n−1
r+2n−1−
k=0
 q
2
k
(q− 2)r+2n − (−2)r+2n
q
= 2r+2n−1
 q
2 − 1
r+2n − (−1)r
q/2
= 2r+2n−1
r+2n−
k=1

r + 2n
k
 q
2
k−1
(−1)r−k−1
= 2r+2n−1
r+2n−1−
k=0

r + 2n
k+ 1
 q
2
k
(−1)r−k.
Combining the two series and differentiating the series term by term 2n− 1 times over qwe can write the rth moment
as
Er(A) = nr!2
r+2n−1ar
(r + 2n)!
d2n−1
dq2n−1

r+2n−1−
k=0
 q
2
k + r+2n−1−
k=0

r + 2n
k+ 1
 q
2
k
(−1)r−k

q=1
= nr! (2a)
r
(r + 2n)!
r−
k=0

1
2
k
(k+ 2n− 1)!
k!

1+

r + 2n
k+ 2n

(−1)r−k

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